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Abstract: The recently developed Linear Matching Method (LMM), which is easily implemented 
within commercial FE codes, has been successfully used to evaluate elastic and plastic shakedown 
loads [1-7]. In this paper, the method is extended to the prediction of the creep rupture life of a 
structure, based upon a bounding method currently used in the life assessment method R5. The 
method corresponds to the requirement that, for the operating load history, the structure should 
shakedown where the yield stress is given by the lesser of the plastic yield stress and a high 
temperature rupture stress corresponding to a rupture time. A holed plate subjected to cyclic thermal 
load and constant mechanical load is assessed in detail as a typical example to confirm the 
applicability of the above procedures. The examples show that the method remains numerically 
stable, even when the method is inverted. 
Keywords: linear matching, shakedown; creep rupture 
 
1. Introduction 
Engineering structures exposed to high temperature environments exhibit time dependent 
behaviour. In many applications, a structure may well be operating in the creep range for part of a 
temperature cycle. In such cases both low temperature plasticity and high temperature creep 
behaviour  limits the load carrying capacity of the structure. The integrity of the component may be 
limited in the short term by excessive plastic deformation, or in a long term by ratchetting or the 
accumulation of creep damage under steady loading, fatigue damage under the cyclic loads or a 
combination of the two conditions. 
The integrity assessment procedure R5 [8] has been widely used for the high temperature 
response of the structures, where the comprehensive assessment procedure, including shakedown, 
ratchetting, fatigue and creep damage, make use of simplified methods of inelastic analysis, rather 
than either applying a pessimistic interpretation to an elastic analysis or requiring the cost and 
complexity of cyclic inelastic computation.  
The Elastic Compensation Method [9-11], the matching of the non-linear material behaviour to a 
linear material, forms the basis for a powerful upper bound programming method that may be 
applied to a significant class of problems arising from R5 procedures. This generalized method, 
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now called the Linear Matching Method [1-7], has been applied with considerable rigor to cyclic 
loading problems where the residual stress field remains constant. This includes classical limit 
loads, shakedown limits and a class of high temperature creep problems, rapid cycle problems, 
where the cycle time is assumed to be small compared with material time scales [1-3,12]. For the 
steady cyclic behaviour associated with complex histories of load and temperature where the 
residual stress field changes during a cyclic state, the Linear Matching Method may also be applied 
for simple loading histories. This includes the plastic strain amplitude and ratchet limit associated 
with reverse plasticity mechanism, the creep relaxation and elastic follow-up over creep dwell 
associated with the creep-reverse plasticity mechanism [4-7,12,13]. 
The creep rupture endurance is another main concern of R5 [8]. The time required for creep 
rupture to occur for a given load and temperature range is very important for engineering design. In 
R5 [8], a rupture reference stress is defined to predict the remaining creep rupture life of a structure 
from the creep rupture data of the material. For constant loads the rupture reference stress Rrefσ  is 
derived using the primary load reference stress together with an adjustment related to the stress 
concentration factor χ . This allows the direct use of creep rupture data combined with bounding 
results, yielding a conservative prediction. 
The purpose of this paper is to extend the previous developed shakedown method to include 
creep rupture predictions based upon the same methodology as R5. The creep rupture life is 
predicted by requiring that the given history of load and temperature lies within a shakedown limit 
where the yield condition is given by a combination of a yield stress below the creep range and 
creep rupture stress within the creep range. The least creep rupture stress for which shakedown 
occurs provides the largest estimate of creep rupture life. The procedure is described in detail in 
Section 2. 
Hence the creep rupture time ft  is included in the shakedown problem via the definition of the 
yield stress at each point in the body and at each instant during the cycle where plastic strains occur. 
If the shakedown problem is solved, the load parameter will change according to the restrictions 
posed by the creep rupture stress, which is a function of the creep rupture time ft . Further, the 
problem may be inverted to give a  permissible creep behaviour for a given shakedown limit, thus 
optimising ft . We show that this extended shakedown problem may be solved using the Linear 
Matching Method in two alternative ways. For a prescribed creep rupture life and creep rupture 
stress, a shakedown limit may be evaluated. Alternatively, if the load history is prescribed, then the 
least creep rupture stress (i.e. the greatest creep rupture time) may be evaluated directly using an 
extension of the method. This second, inverse, method is much closer to the needs of life 
assessment and demonstrate the adaptability of the Linear Matching Method. 
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In this paper, a 3-D holed plate subjected to cyclic thermal load and constant mechanical load is 
assessed in detail to confirm the applicability of these procedures. The procedure for shakedown 
analysis including creep rupture stress produces consistent results with the inverted procedure for 
optimising creep rupture time. The examples show that the method remains numerically stable, 
even when the method is inverted. 
 
2. Extension of the shakedown theory to include a creep rupture stress 
The R5 method may be described as follows. When part of a thermal load cycle operates in the 
creep range, the shakedown boundary of the load domain for a body will reduce. To find the 
reduced boundary a few simple additions have to be made to the traditional shakedown method [1-
3]. The yield stress of a structure is now allowed to vary and may have differing values. At 
temperatures below the creep range the yield stress is considered a value ( )θσ LTy , which only vary 
with the temperature θ  depending on the material. As a rule of thumb, the linear modulus of a 
material, which is proportional to the yield stress, reduces linearly by half as the melting 
temperature of the material is reached. In the case of the most steels, this would give an average 
reduction of the yield stress by circa 3% per 100K. At a certain creep temperature the yield stress is 
replaced by a creep rupture stress ),( θσ fc t , which depends upon the time to creep rupture ft , 
which is understood as a property of the structure as a whole, and the local temperatureθ .  
We require the largest creep rupture time ft  for which the prescribed loads remain within the 
shakedown limit for this definition of the yield stress. This problem is posed within the 
methodology of the life assessment method R5 [8] as a means of assessing the remaining creep 
rupture life of the structure. Here we treat it as a novel shakedown problem where the parameter we 
wish to optimise, the creep rupture time ft , is included in the definition of the shakedown problem 
through the definition of the yield stress at each point in the body and each instant during the cycle 
when plastic strains may occur. 
Hence the yield stress at each point of the body at time mt  is defined by; 
( )
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R f , where R is the function of the remaining creep 
rupture time ft , g is the function of the local temperature θ , 0t  and 0θ  are material data. Both 
function R and g can be chosen appropriately by the users under certain rules. In order to further 
simplify the calculation, for the example of 3D holed plate below, the form of temperature 
dependence for cσ  has been adopted as 
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g , where C°= 2000θ . A graph of the 
temperature dependent yield stress verses temperature is shown in Fig.1.   
Two kinds of calculations can be performed. The shakedown limit including the creep for a 
structure with prescribed creep parameter R can be evaluated by a traditional shakedown analysis 
with the revised yield stress by equation (1). For a structure with predefined load history, an 
inversion of the iterative process to optimise creep rupture time has also been proposed. In the latter 
case, we wish to compute the value of R for a prescribed load and temperature history.   
 
3. Numerical procedure for extended shakedown theory include creep  
The numerical procedure for extended shakedown theory including creep is based upon a 
recently developed procedure for traditional shakedown analysis [1-3] that includes the revised 
yield stress. The stress field is a sum of the linear elastic solution, associated with the load history, 
and a constant residual stress field. The load history is applied through the elastic solutions and the 
solved linear continuum solution, at each iteration, delivers a residual stress field instead of a stress 
field in equilibrium with an applied load. This strategy simplifies the implementation as well as 
being more flexible when defining load histories [1-3]. A simplified description is given as follows.  
The material considered is isotropic, elastic-perfectly plastic and satisfies the Von Mises yield 
condition. The problem consists a three dimensional body V with boundary S, which experiences a 
history of cyclic load ),( txP jiλ  on TS  and a temperature ),( tx jλθ  within V. λ  is a load 
parameter. The displacement rate 0=iu&  is applied on uS . Both TS  and uS  are parts of boundary 
S. The linear elastic solution to the problem is denoted by ijσλ ˆ . In this formulation the parameter 
λ may be regarded as a factor of safety associated with an assumed history of loading and 
temperature corresponding to 1=λ . 
The method is expressed in terms of an incompressible and kinematically admissible strain rate 
history cijε& , which need not be compatible but associated with a compatible strain increment cijε∆  
such that 
c
ij
t c
ij dt εε ∆=∫∆0 &      (3) 
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which in turn is associated with the corresponding displacement increment field 
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In terms of the load history described above the upper bound shakedown limit is given by 
( ) dtdVdtdV
V
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ijijUB ∫ ∫∫ ∫ ∆∆ = 00 ˆ εσεσλ &&  (5) 
where cijσ  is the stress at yield associated with 
c
ijε&  and ijσˆ  is the linear elastic solution associated 
with the load history for 1=λ . sUB λλ ≥  is an upper bound to the shakedown load parameter sλ . 
Combining the associated flow rule, equation (5) can be simplified as  
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where ijijεεε &&& 32=   is the effective strain rate.  
The general programming method described by Ponter and Engelhardt [3] consists of defining a 
sequence of linear problems where the linear coefficients are chosen so they match the yield 
condition. A single step begins with a kinematically admissible history of plastic strain rate iijε& , in 
terms of which the following linear problem is posed for a new history fijε& ; 
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subject to the condition that fijε& is also a kinematically admissible strain rate history and fijρ  is a 
constant equilibrium residual stress field. The equation for µ  comes from matching the linear 
material to the perfectly plastic material so that they both give the same effective stress 
corresponding to iijε& . Here 
′f
ijε& refers to the deviator component of fijε&  and this notation is used 
throughout. Note that iUBλλ = , the upper bound (6) corresponding to iijε& .  Integration of (7) over the 
cycle produces the following equation relating 
′∆ fijε  and 
′f
ijρ , 
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The solution to this incompressible linear problem yields an new upper bound fUBλ by substituting 
f
ijε& into (6) which satisfies  
i
ij
f
ij λλ ≤  (10) 
with equality if and only if iij
f
ij εε && ≡ . Hence the repeated application of this algorithm produces a 
monotonically reducing sequence of upper bounds which converges to a minimum upper bound. If 
the linear problems are solved using a finite element method then the sequence converges to the 
least upper bound associated with the finite element mesh [3]. In this, very general, statement of the 
method the solution appears to be an intrinsic property of the entire elastic stress history ijσˆ . There 
are, of course, problems where this is the case and transient thermal loading and dynamic loading 
provide such examples. As we see below, for most conventional design problems this is not the case 
and the method becomes significantly simplified. 
For a strictly convex yield condition, which includes the Von Mises yield condition in deviatoric 
stress space, for histories of load that describe straight line paths between vertices ))(),(( nn ttP θ , 
n=1 to r, in a load space, the elastic stress similarly describe a sequence of straight line paths in 
stress space. The only instants when plastic strains can then occur are at the vertices of the stress 
history, )(ˆ nij tσ , n=1 to r. The strain rate history then becomes the sum of increments of plastic 
strain: 
∑
=
∆=∆
r
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n
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c
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1
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So the linear problem for a new kinematically admissible strain rate fijε∆  and a time constant 
residual stress field ijρ  can be defined by (7) where  
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The shakedown limit then becomes a limit for any history of load that lies within the polygonal path 
described by this load history. A formal proof of this can easily be constructed. A very significant 
advantage of the method comes from the ability to use standard commercial finite element codes 
which have the facility to allow the user to define the material behaviour. This has been done in the 
code ABAQUS of HKS Ltd using a method devised by Engelhardt [9]. Essential, ABAQUS carries 
out a conventional step-by-step analysis and, through the use of user routines, each increment is 
reinterpreted in terms of an iteration of the method. The detailed iteration steps in ABAQUS 
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achieved by user subroutine UMAT and URDFIL as well as typical convergence conditions are 
discussed in [1]. Please note that in these formulations, the yield stress )(tyσ  has been revised and 
determined by equation (1) for each instant during the cycle.  
 
4. Inversion of the iterative process to optimise creep rupture time 
For a structure with a predefined load history, an inversion of the iterative process to optimise 
the creep rupture time will answer questions directly relevant to design or life assessment [8]. In 
this section, we wish to compute the value of R for which the shakedown limit is given by 1=λ .  
According to the mechanism of deformation, the volume of the body can effectively be split in 
two. In one part the plastic energy dissipation will be due to )(θσ LTy  and in the other it will be due 
to ),( θσ fc t .  It is also worth note that there will be some locations where )(θσ LTy operates at one 
instant and ),( θσ fc t at another. 
If we denote the plastic energy dissipated from each part by LTpD& and cpD&  respectively, the 
contributions to the total dissipation pD&  given by those volumes and times where the low 
temperature and creep stress operate can be shown as: 
( ){ }∫∑
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∆=+=
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C
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LT
pp dVDDD
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εεσ &&&&  (13) 
Combining equation (1) and (2), and then substituting equation (13) into (6), we can derive the 
following relationships between small changes in UBλ  and R  for a particular mechanism of 
deformation; 
c
p
E
p DR
RD && ∆=∆λ  (14) 
where  
dtdVtD
V
r
m
m
ijmij
E
p ∫∑
=
∆=
1
))(ˆ( εσ&  (15) 
This relationship forms the basis for an iterative process which converges to the value of R and 
hence the rupture time ft corresponding to the shakedown for 1=λ . Note that LTpD& is constant and 
therefore does not cause any changes in λ . 
 We begin by choosing an initial value of 0RR =  and ft  so that the shakedown limit in the 
converged solution is expected to be 1<λ . For fixed 0R  the iterative process is allowed to converge 
until the kth iteration yields the first upper bound value of the load parameter which satisfies 
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1<kUBλ . The value of R is then change according to equation (14) at each iteration so that UBλ  
returns to the preassigned value of 1=λ . i.e., 
( ) 01 >



−=∆ c
p
E
pk
UBo D
D
RR &
&
λ  (16) 
Hence 
001 RRRR >∆+=  (17) 
and the process is repeated. At each iteration  the value of R increases and converges, from below, 
to the value at which 1=λ , i.e. shakedown occurs for a maximum permissible R. 
 
5.  Numerical Application 
In this paper, a 3-D holed plate is calculated in detail as a typical example. The geometry of the 
structure and its finite element mesh are shown in Fig.2. The 20-node solid isoparametric elements 
with reduced integration are adopted. The ratio between the diameter D of the hole and the length L 
of the plate is 0.2 and the ratio of the depth of the plate to the length L of the plate is 0.05. The yield 
stress of the material LTyσ  is chosen as a constant 360 MPa. The elastic modulus is E= 208 Gpa and 
Poison’s ratio 3.0=ν . The function 
0
0
0 θθ
θ
θ
θ
−
=



g , where C°= 2000θ . 
The 3-D holed plate in Figure 2 is subjected to a temperature difference θ∆  between the edge of 
the hole and the edge of the plate and uniaxial tension Pσ  acts along one side. The variation of the 
temperature with radius r was assumed to be; 
 )5ln()5ln(0 raθθθ ∆+=  (18) 
which gives a simple approximation to the temperature field corresponding to θθθ ∆+= 0  around 
the edge of the hole and 0θθ =  at edge of the plate. The elastic stress field and the maximum 
effective value, 0tσ , at the edge of the holed plate due to the thermal load was calculated by 
ABAQUS, where C°= 2000θ , C°=∆ 400θ  and a coefficient of thermal expansion of 
1525.1 −°− CE .  
The detailed cyclic loading path for shakedown analyses including creep is shown in Figure 3, 
where the axial tension P  is constant and the thermal stress θ  is varying from nil (point a) to a 
certain value (point b). Please note for this two load instances case, at load instance a, the creep 
rupture stress ),( θσ fc t  is exactly the same as the original yield stress )(θσ LTy . But at load instance 
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b, due to the higher temperature magnitude, in part of the volume, the revised yield stress yσ  is 
dominated by creep rupture stress ),( θσ fc t , which is less than the original yield stress )(θσ LTy . 
The shakedown limits including creep for the 3D holed plate for five different creep parameters 
(R=0.1, 0.5, 1.0, 1.5 and 2.0) are shown in Fig. 4. The contours were generated by converging to the 
value of load parameter corresponding to the prescribed yield condition given by equation (1). Due 
to the dependence of the yield condition on the temperature the value of the yield stress changes at 
each iteration. This is because the linear solutions are scaled by the load parameter after each 
iteration, which involves scaling the temperature as well. As expected the more severe the creep 
behaviour the more affected the revised yield condition (1) has and the shakedown limit lowers 
accordingly. Note that for R=2 or more, LTyy σσ =  throughout the volume and the shakedown limit 
including the creep is the same as the normal shakedown limit without including the creep. This is 
because the material does not operate in the creep range for this particular behaviour and prescribed 
temperature distribution.  
In order to verify the applicability of the inversion of the iterative process to optimise creep 
rupture time, two load points A and B with R=0.5 in Fig. 4 are chosen to evaluate the converging 
creep parameter R.  Fig. 5 shows two solutions for a creep parameter R converging to 0.5 
corresponding to load point A and B respectively, as expected. Note how the initial values of 
01.0=oR  are kept constant until the load parameter 1<λ . From then on R is increased until it 
converges to the correct value for a given shakedown state. The slower convergence for the solution 
corresponding to point B is due to the fact that a reverse plasticity mechanism operates in the 
converged state. It is worth note that this inversion of the iterative process can predict the creep 
rupture life directly for a component with predefined loading history. 
In order to show the effects of the creep rupture stress ),( θσ fc t  on the revised yield stress yσ  of 
the structure, Fig. 6 and 7 present the temperature field θ  and the revised yield stress field yσ  of 
3D holed plate at load point A respectively.  And the temperature field θ  and the revised yield 
stress field yσ  of 3D holed plate at load point B are given in Fig. 8 and 9 respectively. It can be 
seen that for both load point A and B, in part of the body with lower temperature the revised yield 
stress yσ  equals to the original yield stress 
LT
yσ . In  part of the body with higher temperature the 
revised yield stress yσ  reduces due to the lower magnitude of the creep rupture stress ),( θσ fc t . 
Although both load point A and B have the same creep parameter R=0.5, the component at load 
point B has the bigger region of lower revised yield stress due to the higher temperature magnitude. 
This problem demonstrates the potential flexibility of the Linear Matching Method. 
Traditionally, shakedown analysis has been seen as a method of defining a load parameter for a 
 10
prescribed distribution of material properties and load history [1]. It is clear from this paper that the 
shakedown problem may be posed in other ways; in this particular problem the quantity optimised 
concerns a material property  which enters the problem in only part of the volume and only during 
part of the load cycle. It is clearly possible, using the type of technique in this paper, to pose a 
variety of optimisation problems depending upon the needs of the problem.  
 
 
9. Conclusions 
The paper described an extended shakedown procedure for the evaluation of creep rupture time 
for the structures operating in the creep range temperature based upon the Linear Matching Method 
and the methodology of R5. By replacing the yield stress with the creep rupture stress in the body, 
the previous shakedown analysis method has been successfully extended to incorporate the creep 
behaviour of a material. For finite element solutions the method converges to the least upper bound 
associated with the finite element mesh. The form of the method allows it to be implemented in 
conventional commercial finite element code ABAQUS. This allows the method to become a 
general purpose method which, unlike most programming methods, does not requires specialist 
codes.  
The numerical example of a 3-D holed plate verified the applicability of the proposed 
assessment procedure for creep rupture. The results show that the proposed Linear Matching 
method for creep rupture assessment remains numerically stable, even when the method is inverted. 
The problem shown and solved with the extended shakedown method demonstrate the flexibility of 
this technique in allowing to answer questions directly relevant to design or life assessment. 
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Fig.1 Graph of temperature dependent yield stress verses temperature 
                                                                  
 
 
 
Fig 2 The geometry of the holed plate subjected to axial loading and fluctuating radial temperature 
distribution and its finite element mesh 
 
 
 
 
 
 
 
 
Fig. 3 The cyclic loading path for shakedown analyses including creep 
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Fig.4 The shakedown limits for the 3D holed plate for five different creep parameters  
(R=0.1, 0.5, 1.0, 1.5 and 2.0) 
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Fig.5 The convergence conditions for the solution of the optimisation of creep parameter R  
for shakedown to occur 
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Fig.6 The temperature field of 3D holed plate at load point A 
 
 
 
 
 
Fig.7 The revised yield stress field of 3D holed plate at load point A 
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Fig. 8 The temperature field of 3D holed plate at load point B 
 
 
 
 
 
 
 
Fig. 9  The revised yield stress field of 3D holed plate at load point B 
 
 
 
 
